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Abstract: Solitons are stable, isolated, traveling nonlinear
waves that obey a superposition-like principle, that is after pass-
ing through one another they remain almost unchanged. They
may be used as DNA models. In this paper a brief history of soli-
tons is presented with emphasis on the history of their discovery
by John Scott Russell in the Union Canal in Scotland. Then some
properties of solitonic solutions investigated numerically are de-
scribed. The examined situation is too complicated to be treated
with analytical methods. Using Runge-Kutta method the time
evolution of a single solitonic strand is obtained and contrasted
with solutions that are achieved analytically.

1. Introduction

Solitons are an interesting phenomenon that appears in nonlinear dynamic systems
(Weisstein 2012b). One of the places in mathematics, where solitonic solutions are ob-
tained is when solving nonlinear von Neumann equations, that is equations of the form
idρdt (t) = [H, f(ρ(t))]. It is very challenging to solve this type of equation. Still, there
are some methods that allow to achieve many solutions when we have an ’initial’ one.
Darboux transformation method is one of these (S. B. Leble 1998). The Darboux
transformation in the simplest form takes as a parameter a complex value µ and has
the form ρ1 = ρ0 + (µ− ν) [P,H].

Almost all systems that are non-chaotic and nonlinear, are solitonic. DNA is con-
sidered to be described by nonlinear dynamics and is non chaotic. This is the reason
why in (D. Aerts 2006) solitons were used as an abstract DNA model. The changes
in the solitonic solution cased by the Darboux transformation were treated as fluc-
tuation. The DNA revealed to be a very stable object. Although analytic solutions
achieved in Darboux transformation give some kind of understanding of the equa-
tions, they become too difficult to solve in more complicated situations. This is the
reason why using numerical methods may be helpful to investigate some properties
of solitons.
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2. History of solitons

In August 1834 a Scottish naval engineer, John Russell Scott, was observing a ship
that was pulled by a horse. It is difficult to imagine more boring and spiritless activ-
ity. But then, out of the sudden, indescribable phenomenon appeared - a great wall
of water that was moving very fast. Scott started to chase this wave with his horse.
The water wall, measuring almost half a meter in height and ten meter of length, was
slipping away with a speed of several kilometers per hour. Notwithstanding the oc-
currence did not reveal for such a long time. Being retentive of its shape it evanesced
behind the horizon.

This occasion completely changed John Russell Scott’s life. Amazing phenomenon
has fascinated him deeply. He began to build whaling containers of water to experience
this ravishing wave again. He learned how to produce them and spend all his time
on investigating them. He noticed that the ‘waves of translation’, as he named the
phenomenon, have some quite unique characteristics.

First of all, the waves may travel long distances without any significant changes in
their form. Their velocity depends on their size. If the water is too shallow for them
they split into smaller waves. Finally, if they overlap, they do not connect, but
only change their phases. Especially the first and the last peculiarity were the most
outrageous for 19th century scientific society. His discovery was so unbelievable, that
even great George Gabriel Stokes could not accept their existence. It was Joseph
Boussinesq and John William Strutt, III Lord Rayleigh that, in 1970s, gave Scott’s
observations, theoretical support. In 1965 Norman Zabusky and Martin Kruskal gave
‘waves of translation’ a new name. Since then, the waves are called ‘solitons’.

3. Specification of the tests

The following results were obtained using Runge–Kutta method of rank 4 (Weisstein
2012a). By using this method several tests of properties of the Darboux transfor-
mations have been performed. Obtained solutions act similarly to these discribed
in (D. Aerts 2006).

One of the tests was concerned about fluctuations via Darboux transformation.
In this test time varies from 0 to T with time step dt. The fluctuations are given
as a Poisson process of subsequent transformations with intensity λ and occur till
some specified time moment. The results of the test are values of given element in
ρ and in disturbed ρ in time and are presented in section 4. Another test is a mea-
surement of distance between the center of strand of given element in the disturbed
and in the initial solutions. It uses a subroutine that returns the center of the given
circumscribed circle and averages the results in a given number of time steps. Unfor-
tunately the procedure of evaluating the center is quite unstable. Section 5 contains
the results of this test. The last test measures the distance between the values of
given element of the disturbed and the initial solutions. The results of this test may
be found in section 6. All the tests have been performed using as the Hamiltonian



54 PhD Interdisciplinary Journal

the matrix H =
( 0 0 0
0 1 0
0 0 2

)
and the following random matrix as the initial solution:

ρ0 =

 3
17

6+2i
17

9−4i
34

6−2i
17

6
17

6+5i
34

9+4i
34

6−5i
34

8
17

 (1)

4. The results of the fluctuation test

The following figures show the initial solution and the solution that is disturbed on the
first period of time. The intensity of the Poisson process of distortions is λ = 1.7,
the fluctuations occur in the first 5 units of time and the duration of the whole test
is T = 20 units of time.

Fig. 1: ρ(1, 2) and its transformation (numerical)

In the Figure 1, there is a series of moving circles, both in the initial and the dis-
turbed solution. Let us notice that straight lines that can be see on the bottom of
the figure represent the ’jumps’ caused by the fluctuations.

Fig. 2: ρ(1, 3) and its transformation (numerical)

The situation in the Figure 2 is similar to the previous one, as in both solutions
the general pattern is visible and one solution seems to ’chase’ the another, but now
the circles are more varying in time, which can be seen on the projection chart. In the
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Figure 4c the similarity in the general pattern occurs, but now both solutions seem
to evolve independently.

Fig. 3: ρ(2, 3) and its transformation (numerical)

5. The results of the circle center jump test

In this test the distance between centers of helices are plotted as a function of complex
variable µ.

Both figure 4a and 4b are similar. For µ ∈ R the transformation does not oc-
cur, which agrees with the theory of the Darboux transformation. The jumps are
the longest when the real part of µ is near 0. The situation in Figure 4c resem-
bles that from 4a and 4b, but now the jump distance is strongly decreasing then |µ|
increases.

6. The results of the distance of jump test

This test presents the distance between helices as a function of complex variable µ.
The results are shown on figures 5a, 5b and 5c.

When comparing plots from this section with ones from the section 5 it can be seen
that both types of jumps are correlated.

7. Summary

The effects of the Darboux transformation on the initial solution have been shown.
The fluctuations occuring in presented tests are more complicated than those which

(a) ρ(1, 2) (b) ρ(1, 3) (c) ρ(2, 3)

Fig. 4: Distance between centers of helices as a funcitonf µ for ρ()
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(a) ρ(1, 2) (b) ρ(1, 3) (c) ρ(2, 3)

Fig. 5: Distance between helices as a function of µ for ρ()

may be achieved by using analytical methods. Some regularities in jumps may be
easily seen.
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