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Abstract: DNA computing is one of the new computational
paradigms which are alternative to traditional computer sys-
tems. It is an interdisciplinary crossroad of molecular biology,
nanotechnology and computer science. Biological molecules in
special laboratory conditions can be used for mathematical, log-
ical and algorithmic purposes. The satisfiability problem (SAT)
is the problem of determining if there exists an interpretation
satisfying a given logical formula, i.e. if the logical variables can
be assigned true values in the way which makes the whole for-
mula true. A formula is unsatisfiable (UNSAT) when it evaluates
false for every possible assignment to its variables. In my scien-
tific work I am developing ideas of logical inference by DNA and
suggesting my own system of logical deduction by DNA. In this
paper I want to present an idea how it is possible to use this
system also for checking if some formulas are unsatisfiable.

1. Introduction

1.1. Deoxyribose Nucleic Acid

Deoxyribonucleic acid (DNA) is a long polymer made of repeating units. Those units
are called nucleotides. They are composed of sugars (deoxyribose), phosphate groups
and nucleobase attached to the sugars. They differ from each other only in the last
part appearing in the four following forms: adenine, cytosine, guanine and thymine,
commonly referred to by their initials as A, C, G and T respectively. Most DNA
molecules are double-stranded helices consisting of two long polymers. These strands
run in opposite directions to each other. The most important is the Watson-Crick
complementarity rule: adenine is always connecting with thymine by double hydrogen
bonding; cytosine with guanine by triple hydrogen bonding.

1.2. DNA Computing

DNA Computing is one of the new computational paradigms and a part of a broad
branch of the computing inspired by nature. It is an interdisciplinary crossroad of
molecular biology, nanotechnology and computer science. DNA molecules in special
laboratory conditions can be used to solve mathematical, logical and algorithmic
problems.
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The idea of computing by DNA was introduced in 1994 by Leonard Adleman,
a computer scientist at the University of Southern California. He suggested an idea
how to solve in that way a well-known complex mathematical problem, called the
directed Hamiltonian Path problem (also known as ”travelling salesman” problem).
The principle of it is to find an exact path in a graph, which is going through every
given node, also starting and ending at the specified point. He encoded each element
(vertices and edges) as single-stranded DNA molecules and then mixed in a test
tube. After a few seconds, all possible combinations of paths were created because
of the Watson-Crick complementarity rule. Then he filtered out if the molecule that
represented the exact path was also present. The experiment was carried out in a
laboratory for the graph including seven nodes (Adleman, 1994).

Since Adleman’s work a lot of subsequent ideas of solving computational pur-
poses by DNA have been presented. There were ideas how to solve another NP-hard
problem called SAT (which is explained in the next section)(Lipton, 1995), finite au-
tomata (Benenson et al., 2001; Krasiński and Sakowski, 2008), pushdown automata
(Cavaliere et al., 2005; Krasiński et al., 2012), logical gates (Ogihara and Ray, 1997),
simple systems of inference (Unold and Troć, 2005; Ran et al., 2009), some basics
mathematical operations (Zhao et al., 2007) and more.

1.3. In this paper

This article presents a brief overview of approaching the SAT problem, the shortcut
about existing DNA implementations of SAT and finally the idea how to use the own
conception of the logical inference system to look for unsatisfiable formulae.

2. The Satisfiability Problem (SAT)

2.1. Theoretically

The boolean satisfiability problem (SAT) is the problem of determining if there ex-
ists an interpretation (assuming values true and false to variables) satisfying logical
formulae. It states whether variables can be assigned in the way which makes the
whole formula true. The formula is unsatisfiable (UNSAT) when for every possible
assignment identical values are false. For example the formula a ∧ (∼ a ∨ ∼ b) ∧ b
is unsatisfiable whilst the formula a ∧ (∼ a ∨ ∼ b) is satisfiable (for assigning a =
true and b = false).

The Conjunctive Normal Form (CNF) is a way of simplifying logical formulae to
be a conjunction of clauses, where a clause is a disjunction of literals. For example
these formulae are in CNF: ∼ a ∧ (b ∨ c), (a ∨ b) ∧ (∼ b ∨ ∼ c ∨ d) ∧ ∼ d whilst
these are not in CNF: ∼ (a ∨ b), (a ∧ b)∨ c. The problem of satisfiability of boolean
formulae in CNF was the first decision problem proved to be NP-complete.

3. DNA Implementations

The first idea of solving SAT by DNA molecules, based on Adleman’s work, was
suggested in 1995 by Richard Lipton. The formula was converted to a graph whose
edges represent assignment of variables (in the way where it is possible to choose just
one value per one variable) and every node represents a point on the way between
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assuming. Then every part of it (edges and vertices) was encoded by single-stranded
molecules and mixed in a test tube. Filtering the final answer needed more test tubes.
This way of solving SAT can be done in a number of DNA experiments that are linear
in the size of the formula (Lipton, 1995).

After Lipton’s work there were a lot of subsequent proposals. Most of them fol-
lowed the idea of generating all the possible solutions and then filtered the right one
using the laboratory operations. The goal was to improve the way of encoding the
initial set to reduce the amount of laboratory steps needed (Sakamoto et al., 2000;
Manca and Zandron, 2002).

A totally alternative approach was suggested by Alfonso Rodŕıguez-Patón, Ińaki
Sainz de Murieta, and Petr Sośık in the year 2011 during The 17th International
Meeting on DNA Computing. They encoded the full formula into molecules repre-
senting clauses and their system of logical resolution that performed simplification of
the clauses. If the formula derived during the reaction is unsatisfiable, then the initial
formula is also unsatisfiable.

4. New proposal

4.1. System of logical inference

In my scientific work I am dealing with ideas of logical inference by DNA. It is based
on splicing the system conception of DNA computer (the idea of using molecules
alternately connecting with each other and cutting them by restriction enzymes)
(Benenson et al., 2001) and developing the already suggested simple deduction systems
(Unold and Troć, 2005; Ran et al., 2009).

The main difference with reference to the former proposals is extending it by
negation which is really important in our way of thinking (for example in proves by
contradiction) and implementing some mathematical axioms connected with it. The
system can interpret: variables with two possible values (true and false), conditionals,
conjunctions and disjunctions. The most important axiom is the modus ponens rule,
which says that if we take for granted the fact a and the conditional rule a ⇒ b,
then we can take for granted also the fact b. The next important axiom is the modus
tollens rule, which says that the conditional a ⇒ b means also ∼ b ⇒ ∼ a . Using it
we can rewrite a disjunction in the form of a conditional, for example a ∨ b equals
to ∼ a ⇒ b. Two possible values of the same variable have complementary represen-
tation in a DNA code (for example: 5’-AACT-3’ is complementary to 3’-TTGA-5’),
so if both of them occur in the same test tube, some reaction will take place and the
system will signalize it. Originally, it was projected for looking for inconsistence but
finally it can be also used for looking for unsatisfiable formulas.

To become acquainted with construction of the system, it is important to know
that the enzyme BseXI recognizes the sequence 5’-GCAGC-3’ and cuts the molecule
8 nucleotides after on that strand and 12 nucleotides after on the complementary
strand. It leaves a single-stranded sticky end with the length of four nucleotides. The
process starts only if the molecule is longer than 12 nucleotides after the sequence.
An example is given in Fig. 1.

Because of the length of sticky ends left by that enzyme, the unique sequence of
four nucleotides is used for representation of one variable. It is possible to code in
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Fig. 1. Molecule with sequence recognised by BseXI and cutting points marked.

that way 120 different variables. The molecule representation of the example variable
a with true and false values is shown in Fig. 2.

Fig. 2. Molecules representing true and false value of example fact a .

The example conditional of two variables, which also represents a disjunction, is
shown in Fig. 3. For a more complicated formula it can be exchanged to as many
values as it is needed.

Fig. 3. Molecule representing disjunction a ∨ b, which also means ∼ a ⇒ b and
∼ b ⇒ a .

To complete reactions one more molecule is needed, called terminal molecule (Fig.
4). It is constant for every reaction, necessary for using the modus ponens rule of
inference and for final signalization that the formula is unsatisfiable.

Fig. 4. The terminal molecule, constant for every reactions.

5. Looking for unsatisfiable formulas

When the base conception of coding molecules is known, it is time to look at the
example reaction steps. After putting every basic element in a test tube, the reaction
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works automatically. At the end, the existence of a special molecule (double-stranded,
without sticky ends and with the exact length of 104 nucleotides) has to be checked. If
it occurs in the test tube, it means that the formula is definitely unsatisfiable. If not,
it is highly probable that the formula is satisfiable (unfortunately there exist examples
where the basic formula is unsatisfiable but after some mathematical reductions the
result is satisfiable).

Fig. 5. The reaction for the simple unsatisfiable formula a ∧ (∼ a∨ ∼ b) ∧ b.

As an example, look at an analysis of the unsatisfiable formula a ∧ (∼ a ∨ ∼ b) ∧ b.
The molecules contained in the base test tube are: a (like in Fig. 2), b (like in Fig. 2
but with 5’-TCGG-3’ sticky end), ∼ a ∨ ∼ b (like in Fig. 3 but with complementary
sticky ends) and the terminal molecule (like in Fig. 4). In Fig. 5 the reaction is
shown: (1) connection between molecules representing a and ∼ a ∨ ∼ b, (2) cutting
the molecule by restriction enzyme BseXI, (3) connection between the result (on the
right side) and the terminal molecule, the molecule representing ∼ b occured using the
modus ponens rule of inference, (4) the same molecule but rotated (whithout chang-
ing strand orientation), (5) connection between molecules representing b and ∼ b, (6)
cutting the molecule by restriction enzyme BseXI, (7) connection between the result
(on the right side) and the terminal molecule, (8) cutting the molecule by restriction
enzyme BseXI (in two possible places), (9) connection between the result (two short
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molecules from the step 8) which forms the final molecule with both blunt ends. The
existence of that exact molecule sygnalizes unsatisfiability and it is possible to filter
it out for checking if it was formed during the reaction.

6. Conclusions

The goal of this paper is to briefly introduce the new concept of the logical inference
model for DNA computing and show that it is possible to look for unsatisfiability
by that construction. Only a simple example was shown but because a formula can
be exchanged to an arbitrary amount of conjunctions and disjunctions, the model is
theoretically capable of solving also the k-SAT problem. Actually, it needs at least
one clause without a disjunction because molecules representing disjunctions do not
have a part recognised by the restriction enzyme used in the model. That backdrop
is a goal for future improvement.

The laboratory conditions for that model are nearly the same like some in the
experiments which have been already performed with positive effects .
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