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Abstract: Decision-making under uncertainty is an area, where
scientists are still looking for new tools. The term uncertainty
has different meanings and is described in many scientific papers.
Along with the development of science and technology, the un-
derstanding of uncertainty has been expanded and the research
concerning it has reached at a new height. RDM-arithmetic
(Relative Distance Measure arithmetic) is a new method, which
supports decision making problems with uncertainty and with-
out any probability distributions of uncertain variables. In this
study, multidimensional RDM-arithmetic is applied to evaluate
the average speed of the carensuring suitable level of CO emis-
sions. Described problem has a great impact on our environment.
A general outline of decision analysis is presented, including its
orientation and models, as well as general characteristics of the
method.

1. Introduction

There are three types of conditions under which all decisions must be made: certainty,
risk and uncertainty. If a decision is made under certainty then all possible actions are
known in advance. If it is made under risk, the results are not known in advance, but
the relevant probabilities are known or can be estimated. When a decision is made
under uncertainty, the possible results may not be known or can be incomplete and
there are not any probabilities (Figueira and Greco, 2005). This paper is connected
with making decision under uncertainty.

The definition says that decision-making under uncertainty is the process of draw-
ing conclusions from limited information or conjecture. The term uncertainty has
different meanings and is described in many scientific papers. Along with the develop-
ment of science and technology, the understanding of uncertainty has been expanded
and the research concerning it has reached at a new height. Among the methods and
theories associated with uncertainty we can mention: fuzzy mathematics by Zadeh
(1965), interval arithmetic by Moore (1966), grey systems theory by Deng (1989),
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rough set theory by Pawlak (1982), uncertainty mathematics by Bandemer (2005),
etc. In this paper, it is presented the internal uncertainties related to uncertain val-
ues of variables. The study applies multidimensional RDM-arithmetic developed by
Piegat and Landowski (2012). (Do not confuse RDM-arithmetic with other RDM
method – Robust Decision Making by Lempert, Popper, Bankes (2003)).

Described problem has a great impact on our environment - the approach relating
to car CO emissions is solved. As we know, emissions from an individual car are
generally low, relative to the smokestack image many people associate with air pollu-
tion. But in numerous cities across the country, the personal automobile is the single
greatest polluter, as emissions from millions of vehicles on the road add up. There
are used various methods to calculate the energy consumption and emissions. They
depend on the type of contamination, the type of transport and the type of vehicle,
which is inevitable due to the diversity of the quantity and quality of data in each
case. Estimation of emissions coming from road transport as a part of a study on the
effects of pollution, has been carried out in some European countries since the 70’s
(Keller et al., 1995). Used methods have been improved and developed since then.

The most popular method based on the fact that the average emission of travel
is changed according to the speed during the trip. The characteristic shapes of the
emission rate curves are well known. Even they differ depending on the type of vehicle
and type of contamination, in general, they show: high emissions at low speeds, when
the vehicle operation is inefficient because of the frequent stops, renewals and delays;
trend to high emissions at high speeds due to the requirement of high engine power and
minimum emissions for middle speed ranges (European Commission EU transport in
figures 1997). The measurements from which the curves were determined are almost
always performed on a dynamometer, where the test vehicle is in a specific cycle,
during which the emission is measured and analyzed. Cycles are theoretical and
have little relationship to the actual road behavior. The amount and frequency of
high-speed operations is much greater than in a real example. However, the method
basedon the function-related emissions average speed is still recommended for use on
a strategic scale and it will be used in this paper.

2. Methodology

The method, which is used in this paper, is a new approach to an interval arith-
metic. It is called RDM-arithmetic, which means Relative Distance Measure arith-
metic. Moore’s arithmetic has many faults that rather are known (Dymova, 2011), for
example the excess width effect problem or dependency problem. RDM-arithmetic
was found to eliminate all these defects. This method is useful in problems, where
variables are uncertain or approximated and represented as intervals. An information
granule in this method is given as a variable x, which has a value contained in interval
x ∈ [x, x], where x is the lower limit and x is the upper limit of the interval. Thus
variable x can be described with formula (Piegat and Landowski, 2012):

x ∈ [x, x] : x = x+ αx (x− x) , αx ∈ [0, 1] (1)

Variable αx can be interpreted as measure of relative distance and is illustrated
in Fig. 1.
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Tab. 1: Values of the sum for various border values of RDM-variables

αaαb 00 01 10 11

x (a+ b)
(
a+ b

)
(a+ b)

(
a+ b

)

Let consider addition of two intervals.

[a, a] +
[
b, b
]
= [x, x] (2)

Using RDM variables equation (2) can be transformed in (3).

a+ αa (a− a) + b+ αb

(
b− b

)
= x, αa ∈ [0, 1]αb ∈ [0, 1] (3)

Depending on values of variables αa and αb the resulting variable x assumes various
values. It should be noted that this sum is 3-dimensional: it depends on two variables
αa and αb. Tab. 1 shows values of x for border values of RDM-variables αa and αb.

RDM-arithmetic has the same operations as interval arithmetic, but this method
is free of interval arithmetic’s defects. What is more, it gives broader resultant infor-
mation, because it can produce distributions of possibility and/or of the probability
density. These distributions can have a great meaning in the case of complex problems
that are modeled by complicated mathematical formulas or schemes. And that’s way
RDM-arithmetic can be used in probabilistic arithmetic (Piegat and Tomaszewska,
2012) in which operations on distribution supports require application of the interval
arithmetic. There are no obstacles to sum more than two intervals. More details on
RDM interval arithmetic can be found in (Piegat and Landowski, 2013).

3. Numerical example

The problem concerns the relationship between the size of the CO (carbon monox-
ide) emissions and the average speed of a car. The function parameters are chosen
most often by the method of least squares. To this problem it is used the second-
degree polynomial function. Let the emissions of CO ẽ(v) expressed in [g/km] will be
described in the following equation:

ẽ (v) = ã2v
2 + ã1v + ã0 (4)

Fig. 1: Illustration of notion Relative Distance Measure
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v - represents the average car speed expressed in [km/h]. The values of ãi coefficients
of quadratic functions are assumed, according to (Commission, 1993):

ã2 = [0.0016, 0.0021]; ã1 = [−0.22,−0.18]; ã0 = 9

The function has been adopted for the type of passenger car with a petrol engine (ca-
pacity of 1.4 to 2 litres) on the basis of investigations carried out on the dynamometer.

Equation (4) takes the form:

ẽ (v) = [0.0016, 0.0021] v2 + [−0.22,−0.18]v + 9 (5)

In the present problem, the individual polynomial coefficients are uncertain values
(which also showed the studies presented in (Keller et al., 1995)). Therefore the
optimal average vehicle speed is varied by changing the values of these coefficients.
Further, it is assumed that the value of the coefficient a0 is not changed, i.e. the value
of CO emission at the minimum speed and when the engine is warm is constant for a
given type of vehicle. The coefficients a1 and a2 are represented as intervals.

The aim of this study is to determine the average speed of the car, ensuring a
high resistance to adverse conditions and a fully satisfactory level of CO (the lowest
possible). There will be presented analysis of adverse situations arising from changes
in the coefficients of the polynomial describing the value of CO emissions, which are
mainly caused by the slope of the road, the load carried by the vehicle and the type
of traffic (e.g., due to slowing and speeding). The function (5) is approximated, but
it is highly uncertain. This fact is due to ignorance of the real coefficients of the
polynomial modeling. These coefficients have been selected on the basis of several
previous observations and experiences and relate to certain unknown conditions, such
as the type of traffic, the load and the ground. Assume that the maximum critical
level of CO emissions in accordance with the requirements of the European Emission
Standard Euro I (OECD Environmental data compedium, 1997), is defined as follows:

emax= 4.5 [g/km]

Critical situation occurs when the coefficients a1 and a2 reach their upper limits.
Using RDM-arithmetic the equation (5) takes the form:

e (v) =
(
a2 + 0.0005α2

)
v2 +

(
a1 + 0.04α1

)
v + a0, α1, α2 ∈ [0, 1] (6)

The worst situation is when:

e (v) > a2v
2 + a1v + a0 (7)

Assuming that e (v) = emax, it can be provided a definition of function α1(v, α2)
for maximum emission:

α1 (v, α2) =
emax −

(
a2v

2 + a1v + a0
)
− 0.0005α2v

2

0.04 v
, v > 0 (8)

Similarly a function α2(v, α1) takes form:

α2 (v, α1) =
emax −

(
a2v

2 + a1v + a0
)
− 0.04α1v

0.0005 v2
, v > 0 (9)
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The values of the function should be as small as possible. Then, even relatively
large changes in the coefficients a1 and a2 will not cause too much growth of emissions
obtained above a critical value, i.e. the maximum value at the average speed of the
car. Functions α1 (v, α2) and α2(v, α1) are correlated. Fig. 2 and Fig.3 show graphs
as a three-dimensional contour plot for the equation given by (8) and (9). In both
cases, the average speed was analyzed in the interval [1,180] km/h.

(a) Plot of α1(v, α2)
(b) Contour plot of α1(v, α2)

Fig. 2: Plots of α1(v, α2)

(a) Plot of α2(v, α1) (b) Contour plot of α2(v, α1)

Fig. 3: Plots of α2(v, α1)

To evaluate the average speed of the car ensuring suitable level of CO emissions it
should be calculated n surfaces shown in Fig. 4 (grey shapes) both for α1(v, α2) and
α2(v, α1). It is important to consider only α1 ∈ [0, 1] , α2 ∈ [0, 1]. The largest surface
is the greatest robustness to changing coefficients.
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Fig. 4: Examples of surfaces for α1(v, α2)

4. Conclusions

Based on the analysis, it can be concluded that the increase in the value of function
α2(v, α1) causes a loss of function α1(v, α2) and vice versa. Therefore, to determine
the optimal speed of the car (optimal in terms of resistance to adverse conditions),
it should be determined a compromise between the values of defined functions. Cor-
responding to calculations a maximum value of surface for function α2(v, α1) is for
the average vehicle speed equals 45 km/h and for function α1(v, α2) it is 49 km/h. If
the criterion of decision is to get the maximum possible resistance to change of the
coefficients’ value of the polynomial, the optimal decision is to use the average speed
setting in the range of [45, 49] km/h. These results should be taken into account to
determine the speed limits on areas where the CO emissions should be as small as
possible.

This approach allows to manage uncertainty by choosing a policy that delivers an
acceptable performance for a known range of parameter outcomes. The problem of
decision making is not one-dimensional and multidimensional RDM-arithmetic is a
good tool to resolve problems with uncertainty. The author believes that this paper is
a good basement to lead the further researches showing an assessment of this method
applicability.
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