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Abstract: The problem of large deformations often occurs in
geotechnical engineering. Numerical modeling of such issues is
usually complex and tricky. The chosen solution has to implicate
soil-soil and soil-structure interactions. In this paper, a review
of the most popular numerical methods for large deformation
problems is presented. The Coupled Eulerian-Lagrangian (CEL)
method, the Arbitrary Lagrangian-Eulerian (ALE) method, the
Smoothed Particle Hydrodynamics (SPH) method, the Particle
Finite Element Method (PFEM) and the Material Point Method
(MPM) are described. The basic concepts and features of these
methods are shown. Also a comparison of these methods in terms
of geotechnical engineering is made.

1. Introduction

Large deformations were always a part of geotechnical investigations. Engineering
activities like pile driving or tunneling require taking into consideration large move-
ment of soil masses. In Fig. 1 a precast concrete pile set-up is illustrated. Pile driving
causes considerable soil movement in the adjacent zone. The basic problem of model-
ing such situations is insufficient formulation of the classical Finite Element Method
(FEM). Mesh distortions that accompany Lagrangian approaches effectively prevent
engineers from obtaining reliable solutions. Consequently, new types of formulations
were proposed during last decades, such as the combined Eulerian-Lagrangian meth-
ods, which include the Coupled Eulerian-Lagrangian (CEL) method and the Arbi-
trary Lagrangian-Eulerian (ALE) method; the meshless methods, which include the
Smoothed Particle Hydrodynamics (SPH) method and the Particle Finite Element
Method (PFEM); and the mesh-based particle methods which are represented by the
Material Point Method (MPM). Some solutions which were listed above (ALE, CEL,
SPH) are widely used numerical methods in engineering software.
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Fig. 1. Driven pile set-up (2011).

2. Large deformations

The definition of ’a large deformation’ is elusive in civil engineering practice; it de-
pends strictly on material properties. Consequently, the term large deformation
is different for different materials. The contractual definition of large deformation
(Krabbenhoft and Zhang, 2013) is when strains are larger than 10 %. When strain
reaches this level, some part of geometry usually starts changing. This happens in
many geotechnical cases, for instance, for slope instability, tunneling or pile driving.
The problem gets even more complicated in failure analysis. This usually happens in
extreme deformations, where all geometry changes in time. These events are, for in-
stance, landslides, explosions in the soil structure or soil liquefaction problems. Such
geotechnical disasters require investigations with a large and an extensive deforma-
tions analysis.

Large deformations are difficult to model using the traditional Lagrangian formu-
lation and the mesh update techniques. Other methods have to be proposed instead.
The five numerical approaches have been chosen to demonstrate a solution for large
and extreme deformation problems.

3. The Combined Lagrangian-Eulerian methods

In the continuum mechanics two types of a views exists to describe deformations;
they are known as the Lagrangian description and the Eulerian description. In the
Lagrangian formulation, time and material coordinates are independent, but the mesh
deforms with the material. This enables easy free surface and interface tracking be-
tween different materials. Also, the boundary condition can be easily applied (Donea
et al., 2004). Furthermore, time independency makes it possible for history-dependent
materials to be model. Thus, the Lagrangian formulation is widely used in structural
mechanics. On the other hand, when a large deformation occurs, mesh distortion
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Fig. 2. Initial and deformed configurations of the domain with (a) Lagrangian formu-
lation;(b) Eulerian formulation.

proceeds. Some extensions of the traditional Lagrangian formulation, like the Total
Lagrangian, the Updated Lagrangian and the Corotational formulations, have been
developed with large deformations in mind (NFEM, 2014). These descriptions use
mesh update techniques, where computations refer to previous configurations. But
when large deformations occur, using a distorted mesh as reference domain is ques-
tionable (Srikanth and Zabaras, 2011).

In the Eulerian formulation spatial coordinates are used to track the flow of the
material in time through the points fixed in space. Hence, the Eulerian description is
used in fluid mechanics and a large deformation can be easily simulated (Donea et al.,
2004). Unfortunately, high quality results require a fine mesh due to the difficulties
in modeling interfaces between materials. Also, the boundary conditions are hard
to apply (Al-Kafaji, 2013). Furthermore, the Eulerian domain needs to be modeled
larger to avoid body motions outside the mesh. The comparison of Eulerian and
Lagrangian formulations during deformation is presented in Fig. 2.

3.1. An Arbitrary Lagrangian-Eulerian (ALE) method.

In the ALE method the best features of the Lagrangian and Eulerian formulations
are used. This method consists of 3 steps (Donea et al., 2004). In the first step, the
material nodes are moved to new positions. In the rezone step, the mesh is modified
to obtain good matching to the new localization of the material nodes. In the third
step, the current solution is transferred from the old mesh to the rezoned one. All
steps are illustrated in Fig. 3. Mesh updating algorithms are important for the quality
of results. More details in the references (Donea et al., 2004).

3.2. A Coupled Eulerian-Lagrangian (CEL) method

This method is also based on coupling the Lagrangian and the Eulerian formulations.
In a CEL method domains are discretized using the Lagrangian or Eulerian mesh, see
Fig. 4. The interaction between these two kinds of meshes is a model using the contact
algorithm defined by the user (Brown et al., 2002). For instance pile driving may be
modeled in the following way: the pile will be discretized using the Lagrangian mesh
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Fig. 3. Basic steps in the ALE formulation.

Fig. 4. Basic concept of the CEL method.

and the soil will be discretized using the Eulerian mesh. Pile-soil interaction will be
modeled by the contact algorithm. For more details some references are proposed
(Brown et al., 2002).

4. The Meshless methods

The traditional ALE method can cause some difficulties. The necessity to rezone
meshes in each step leads to large number of remeshings. This may cause a degrada-
tion of accuracy in the computed solution. The aim of meshless methods is to avoid
these problems. The objective is to build an approximation entirely in terms of nodes.
Consequently, the solutions are based on moving the smallest number of squares, ker-
nels or partitions (Belytschko et al., 1996). On the other hand, it is problematic
to apply boundary conditions to the meshfree methods. They may also cause ten-
sion instability and lack of consistency (Rabczuk et al., 2004). This is why meshless
methods are more often used in fluid mechanics not solid mechanics. However, they
are suitable for some aspects of structure mechanics like fracture problems, impacts,
metal forming or crack propagation (Chen et al., 2006).

4.1. The Smoothed Particle Hydrodynamics (SPH)

The SPH is the oldest meshless method developed by Gingold and Monaghan (1977)
and Lucy (1977) for simulations of astrophysical problems. The domain is represented
by a set of particles (see Fig. 4.) Each particle possesses individual material properties
and moves according to equilibrium equations. The SPH uses field function (pressure,
velocity etc.) and their derivatives at particles whose values are calculated approx-
imately using the kernel function at each time step. The kernel function takes into
account influences of the neighboring particles which are situated within the range of
the kernel.
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Fig. 5. Basic concept of the SPH method.

4.2. The Particle Finite Element Method (PFEM)

The PFEM was developed by Onate et al. (2004) initially for fluid dynamics problems.
The basic idea of the PFEM is to discretize the domain with the Lagrangian mesh
and to solve the governing equation by using standard FEM. In the next step the
nodes are moved to new positions. The cloud of points is formed and then domains
are newly identified and meshed as it was illustrated in Fig. 5. As the PFEM involves
meshless interpolations, it is classified as a meshless method. The rebuilt mesh works
not only as a support for differential equation integrations, but it is also used to
identify contact and free surface. A detailed description of the PFEM can be found
in many papers (Onate et al., 2004, 2011).

Fig. 6. Succeeding stages in the PFEM method during one time step.

5. Mesh-based particle methods

Mesh-based particle methods require a pre-defined mesh and particles moving within
the mesh. These methods include the Particle-in-cell (PIC) method, the Fluid-implicit
particle (FLIP) method, and the Material Point Method (MPM).

5.1. Material Point Method (MPM)

The MPM is an extension of the PIC method and was developed by Sulsky et al.
(1993). In the MPM continuum is discretized by a set of material points, which
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Fig. 7. Basic concept of the MPM method.

Tab. 1. The ALE, CEL, SPH, PFEM, MPM comparison.

Method Advantages Disadvantages Preferable application

ALE Lagrangian mesh
Large numbers of

remeshings

Issues where soil
displacement values

are important

CEL

Contact algorithm
between Eulerian
and Lagrangian

elements

Fine mesh is
required to obtain

good quality results
in Eulerian elements;

Difficulties in free
surface tracking

Issues where mainly
Lagrangian elements
(piles, anchors etc.)

are analyzed

SPH Free surface tracking Tensile instability
Fluid simulations;
Explosions in soils;

Landslides

PFEM Soil-structure-fluid
interactions

Computationally
expensive

Universal application

MPM Mesh and meshless
methods benefits

Computationally
expensive

Universal application

provides a Lagrangian description. A fixed Eulerian mesh is used to solve the equation
of momentum conservation. This is the main difference compared to the meshless
methods, where momentum equations are solved in particles, squares or kernels. In
each time step information is transferred from particles to the mesh (Al-Kafaji, 2013).
The mesh is used to obtain a solution. Then the solution is mapped back from the
mesh to the updated particles (see Fig. 6).

6. The comparison of the described methods

The features of the ALE, CEL, SPH, PFEM and MPM were compared in Tab. 1.
The main advantages and disadvantages of each method were pointed out. Also, the
preferable applications to describe physical, especially geotechnical phenomena were
also specified.
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7. Conclusion

The five most popular methods used in numerical simulation for large deformations
were described. Their advantages and weaknesses were listed. Some geotechnical
applications, where each of the presented methods has strong points were introduced.
For instance for pile driving simulation the ALE, CEL, PFEM and MPM methods
can be used. But in terms of engineering software popularity and availability, the
ALE and CEL methods are the easiest to apply.
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