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Abstract: This paper presents the role of the Navier num-
ber (Na-dimensionless slip-length) in universal modeling of flow
reported in micro- and nano-channels like: capillary biological
flows, fuel cell systems, micro-electro-mechanical systems and
nano-electro-mechanical systems. Similar to other bulk-like and
surface-like dimensionless numbers, the Na number should be
treated as a ratio of internal viscous to external viscous momen-
tum transport and, therefore, this notion cannot be extended
onto whole friction resistance phenomena. Several examples of
dimensionless numbers for liquids and rarified gasses flowing in
solid channels are presented. Additionally, this article explains
the role of the Navier number in predicting closures for laminar
to turbulent transition undergoing via eddies detachment from
the slip layer in nano-channels.

1. Introduction

In capillary biological flows, fuel cell systems (for example SOFC), micro-electro-
mechanical systems (MEMS), and nano-electro-mechanical systems (NEMS) it is as-
sumed that the external friction between solid and liquid surfaces cannot be further
neglected (Beskok and Karniadakis, 1999; Ziółkowski and Zakrzewski, 2013). It in-
volves the velocity slip, which is now important not only in the surface momentum
transfer, but also in the surface mass, heat transfer, and reactive processes coupled
with interfacial transport (Barber and Emerson, 2006). Transport phenomena under-
going within a thin shell-like domain require much more complex, surface-like mech-
anism of interchanging mass, momentum, and entropy. There are also other layers
than mechanical Navier’s or Stokes’s (Badur, Karcz and Lemański, 2011). The most
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important one is the von Smoluchowski thermal layer important for describing the
temperature slip (Colin, 2005; Barber and Emerson, 2006). In a nano-heat-exchanger
it is a basic issue to find the proper value of dimensionless thermal slip length (the
Nusselt number), usually in a function of other dimensionless surface parameters like
the Navier, Sherwood, Levis, Weber numbers, and the bulk numbers like the Euler,
Reynolds, Prandtl, Peclet, Schmidt, etc. It is well known that the mechanical prop-
erties of a fluid layer at small scales can overlap the thermal, diffusive, and absorptive
properties of thin but finite thickness layer. The problem of general statement of the
interrelation between the slip velocity layer, temperature slip layer, concentration slip
layer, radiation slip layer, electric potential slip layer, and others, is omitted in this
paper, due to lack of space (see: (Badur, Karcz, Lemanski and Nastałek, 2011)).

This paper is organized as follows. In the next section, we remind of certain
points in mathematical and physical bases of bulk dimensional numbers. In section 3
we describe surface tension dimensionless number. In order to explain the role of the
Navier number Na, in section 4 we discuss dependence between internal and external
friction of flow where nominally this number should be taken into consideration. In
section 5 the concept of surface type dimensionless numbers is introduced. In section 6
our concept of expressing a critical point in turbulence transition is that on a plane of
fD - Re one needs two coordinates. The second critical coordinate has been discovered
by Stanton and Pannell and is known as the Stanton-Pannell number StPa. Finally,
dependence of the Stanton-Pannell number StPa on the Navier number Na and the
Reynolds number Re is presented. The summary and conclusions are given in the
last section.

2. Bulk dimensionless number

Traditionally, the question of dimensionless numbers in fluid dynamics appears when
the set of governing equations (mass, momentum, angular momentum, entropy and
total energy) is undergoing a sort of a purely mathematical analysis in a so-called
dimensionless form. Since the governing equations are generally composed from the
bulk partial differential equations, corresponding boundary conditions and comple-
mentary initial conditions, therefore any dimensionless number could be related to a
bulk, boundary surface or initial time. In this paper we are interested in the Navier
number Na which is representative of the surface type numbers. Nevertheless, a few
comments should be made on the bulk type dimensionless numbers.

Strictly speaking, for finding an analytical solution of a flow problem, governed by
partial differential equation we do not need any dimensionless form or dimensionless
numbers. The best example of this is an outstanding monograph by sir H. Lamb
(Hydrodynamics, ed.VI, 1932) which is an excellent collection of analytical solutions
without any dimensionless numbers [even the Mach number does not appear in it].
From the numerical point of view, dimensionless formulation is not practicable in CFD
(Computational Fluid Dynamic) approach to fluid-flow modeling where dimension
analysis is very non-robust and leads to some discrepancies due to non-clearness.

But on the other hand, the measurements systems are always connected with
dimensional properties like: length, time, mass, voltage, etc., so, historically, dimen-
sionless numbers have been connected with the so-called ’dimensional analysis’. When
an experiment worked out in a laboratory scales it was removed into a real technical
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scale. The dimensional analysis gives accurate values of desired system if we have
the parameters of some referential (laboratory) system. Therefore, scaling requires
a physical insight in order to determine appropriate reference variables. Nowadays,
a problem stated this way is too complex for finding a solution and sometimes, in
practice, we prefer CFD modeling as a design method.

The fundamental dimensionless number related with the integral form of the equa-
tion of mass balance is the Reynolds number:

Re = ṁ/(π dµ) = ṁdn/(Aµ) (1)

which is understood as a dimensionless mass flow rate ṁ, where d is diameter, A –
surface of channel, µ – flow viscosity. Here, in the case of a rectangular cross section
we use dn – hydraulic diameter. Since for many flows viscosity µ weakly depends
on the temperature and pressure, and since ṁin = ṁout, the Reynolds number can
be interpreted as an integral (total) flow parameter. One should remember that in
the above definition the mass flow rate is defined via normal component of velocity
vn = v ·n, which usually is less than the velocity length c = |v| > vn. For open canals,
where ṁ cannot be determined, Re usually means dimensionless inflow velocity u∞
(Badur et al., 2014).

Since (1) contains an inverse of viscosity coefficient, from the point of view of 3D
balance of momentum, the Reynolds number means dimensionless internal viscosity.
When µ tends to zero, the Reynolds number Re decreases to infinity and the fluid
becomes inviscid. The dimensionless viscosity can be treated as a local number which
changes from point to point:

Re(x) =
inertia force

viscous force
=
|ρ(gradv)v|
|µ lapv|

. (2)

Here local speed of flow |v| and density ρ appear. At the same time, other dimen-
sionless numbers are connected with the momentum balance, for instance:

Ma = UL/c;Fr =
(ṁ/A)2

g d ρ2
;Ra =

gβρ∆θ

kµ
L3, (3)

These are respectively: Mach, Froude, and Rayleygh numbers, which are interpreted
as dimensionless: lagrangian velocity of shock wave UL, dimensionless gravitational
constant g; dimensionless coefficient of thermal expansion, β, respectively. Here speed
of sound c, k thermal conductivity and difference of temperature fluid and wall ∆θ =
θwall − θf appear.

Numbers like the Prandtl, Schmidt, and Péclet are necessary to describe the rela-
tion between the momentum balance and other:

Pr = cp
µ

k
;Sc =

µ

ρD
;Pe =

Ud

D
, (4)

which can be understood as dimensionless thermal conductivity k, and two dimen-
sionless diffusion D, where cp is specific heat. Some relations occur between the bulk
numbers, like: Pe = Re · Pr, Ra = Gr · Pr, etc.



262 PhD Interdisciplinary Journal

Rarefaction of gases is typically characterized by the Knudsen number, which is
the dimensionless ratio of the molecular mean free path of gas λ to a characteristic
system dimension L:

Kn = λ/L. (5)

In literature there are a few definitions of the mean free path; one of the most popular
is the Maxwell definition (Maxwell, 1879):

λMa =

√
π

2

µ√
p/ρ

=

√
π

2

µ√
RT

, (6)

which is in simple connection with the Mayer definition λM = π/2λMa, where R is
the specific gas constant, T is the gas temperature, p is the gas pressure.

3. Surface tension dimensionless number

Note, additionally, that there are a few numbers related with surface tension. There
are: the Laplace length:

lL =
√
γ12/(g(ρ1 − ρ2), (7)

where surface tension γ12 between fluids takes part in the equation describing of
evolution of dynamic contact angle, gravitational constant g and density ρ.

The confinement (Laplace) number:

co = d−1n
√

4 γ12/(g(ρ1 − ρ2), (8)

where dn – hydraulic diameter, ρ1 − ρ2 - difference in density of the two phases. So
co is a dimensionless Laplace length.

The second dimensionless numbers related with the surface tension is the Weber
number:

We = (ṁ/A)2d/(ρ1γ12). (9)

which is often useful in analyzing fluid flows where there is an interface between two
different fluids, especially for multiphase flows with strongly curved surfaces. It can
be thought of as a measure of the relative importance of the fluid’s inertia compared
to its surface tension. The quantity is useful in analyzing thin film flows and the
formation of droplets and bubbles (Madejski, 1963).

The Eötvos number:
Eö = 2π (co)2. (10)

may be regarded as proportional to surface tension force divided by buoyancy force.
The Bond number:

Bo = g(ρ1 − ρ2) a2/γ12. (11)

where a – radius of a drop or the radius of a capillary tube. The Bond number is
a measure of the importance of surface tension forces compared to body forces. A
high Bond number indicates that the system is relatively unaffected by surface tension
effects; a low number (typically less than one is the requirement) indicates that surface
tension dominates. Intermediate numbers indicate a non-trivial balance between the
two effects (Madejski, 1963).
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4. The Navier number

(Navier, 1827), who standing on the data of Girard’s capillary experiment, has pro-
posed to use both: an idea of dissipative kinetic energy of internal friction and the
idea of external friction force between fluid and a surface of a fixed solid body, de-
fined by him to be: ff = ν vs. He called the coefficient of the external friction ν as
’la résistance provenant du glissement’ – the external viscosity (Navier, 1827). The
tangential component of the fluid velocity v on surface has been called the ’slip veloc-
ity’. The magnitude of the slip velocity is governed by the value of external friction
coefficient – if ν →∞ we have the no-slip condition, for ν = 0 we have an ideal slip –
the boundary condition which corresponds to the Euler model of an internally perfect
fluid (Badur and Ziółkowski, 2013).

In contrast, in some special applications, for example, in microfluidic and nanoflu-
idic devices, where the surface-to-volume ratio is huge, the slip velocity behavior is
more typical, and the ’slip’ hydrodynamic boundary condition is usually used. Re-
gardless of the slip physical mechanism, the degree of slip is normally quantified
through the ’slip length’, or a dimensionless slip length (the Navier number) Na (To
et al., 2010) namely:

ls =
µ

ν
;Na =

ls
a

(12)

being the ratio of internal viscosity µ and external viscosity ν. This last coefficient
depends on both a kind of fluid and a contacting solid. The characteristic dimension
of a channel a is usually identified with the radius of the tube. The value of Na
can be: 0 < Na < ∞ , for instance; Na = 50 for water flowing through a carbon
nanotube (Myers, 2011).

Bucher (1876), has identified the slip length as the distance from the liquid to the
surface within the solid phase, where the extrapolated flow velocity vanishes. Since,
owing to the slip velocity, the mass flow rate increases, then following Bucher’s ex-
planation, the slip length is the local equivalent distance below the solid surface at
which the no-slip boundary condition would be satisfied if the flow field was extended
linearly outside of the physical domain. Extending this line of reasoning, von Smolu-
chowski (1898) has drown a figure where the length of thermal jump lθ has been
explained (Badur, Karcz, Lemanski and Nastałek, 2011).

In spite of considerable controversy concerning the recognition of the possibility of
slippness, let us recall briefly the main measurements of the external viscosity coeffi-
cient, called also sometimes the ’external friction coefficient’. If the linear (Newtonian)
bulk shear viscosity of fluid µ is known, then the problem of measurement of ν can
be reduced to determination of the slip length ls = µ/ν. The first technical closure
for ν between water and glass has been proposed by Navier (1827) in a proportion to
the water density ρ:

ν = ρ× 0, 0023[mm] (13)

and was rigorously checked by Helmholtz and Piotrowski (1860). The first closure
for the external friction between rarefied air and glass was prepared by Knudt and
Warburg (1875) in the following form (Badur, Karcz, Lemanski and Nastałek, 2011):

ls =
µ

ν
= 0.7122 l = 0.7122 l0

760

p
in[mm] (14)
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where l, l0 are the mean free paths of molecules in the actual pressure and at-
mospheric pressure, respectively, At the same time, a systematic experimental study
reporting the external viscosity in liquids and gases was reported by Wlademen who
was also an inventor of technical devices important for measuring ν or ls. Further
systematic and critical experiments were made by Whetham (1890). Many years after
that, Schnell (1956), measured the flow rate of water in glass capillaries of radius =
100 µm (Badur, Karcz, Lemanski and Nastałek, 2011).

Trying to control the external friction by ’interfacial lubrication’, Schnell treated
the capillaries with dimethyldichlorosilane, making its surface hydrophobic. Then
larger flow rates were obtained and they were interpreted as a lowering of friction
and increasing of the slip length at the wall. Schnell’s slip length data was consistent
with the analytical solution of Navier that predict the enhancement of the mass flow
rate within the capillary tube. Historically, many of the pioneering investigations of
non-continuum flows were conducted by researchers in the rarefied gas community
who were primarily interested in low-pressure applications (Badur, Karcz, Lemanski
and Nastałek, 2011). Despite numerous experimental data, there are still benchmarks
experiments for identifying the length-slip – the best candidates are the Couette and
Poiseuille flows (Celata et al., 2007; Morini et al., 2011).

One apparent similarity of the Reynolds and the Navier number is that both
describe inverse of dimensionless viscous resistance – the internal and external, re-
spectively. However, in nanofluids where the slip of velocity between the bulk fluid
and nanoparticles should be taken into account, the local Navier number can appear
in the definition of effective viscosity of the nanofluid. For instance, instead of the
classical expression for effective viscosity coefficient:

µeff = µfluid(1 + 2.5fnp), (15)

where fnp is the nanoparticles volume fraction, one can consider a formula (Badur,
Karcz, Lemanski and Nastałek, 2011):

µeff = µfluid ln(1 +Na−1), (16)

where the dimensionless slip length is related to the radius of a nanoparticle.

5. Other dimensionless surface numbers

The decrease of bulk viscosity, thermal conductivity and mass diffusivity near a solid
wall, to even 10 – 20 times less than bulk fluid, has suggested a possible mechanism
of enhanced transport: a concept of a layer adjoined to each solid surface. Mathe-
matically, the responsible external viscosity ν, external conductivity h and external
diffusivity hm defined within a thin layer have one spatial dimension fewer than bulk
viscosity µ, conductivity k and mass diffusivity D. Therefore, a characteristic length
can be obtained by dividing the bulk through the surface coefficients:

ls =
µ

ν
; lθ =

k

h
; lm =

D

hm
. (17)

These are: the slip velocity length, the temperature jump length, and the mass
jump length, respectively. The characteristic surface lengths set out a simple form of
momentum, energy and mass boundary conditions:
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us = uf − uwall = ls
∂uf
∂n

(18)

θs = θf − θwall = lθ
∂θf
∂n

(19)

cs = cf − cwall = lm
∂cf
∂n

(20)

where uf ; θf ; cf are the fluid tangent velocity, temperature, and concentration on
the wall surface. Each defined length can differ by an order of magnitude. Usually
these lengths are much smaller than the characteristic dimension of the flow domain.
Therefore, it is not surprising that the slippage and jump effects were not detected
in macroscopic experiments – they dominate in cases where the characteristic length
is adequate to the dimension of flow channel. In microfluidic devices, where flow is
highly confined, they are responsible for enhanced transport of momentum, heat and
mass. Therefore, if L is a characteristic linear dimension (channel height or diameter),
the proper information about intensity of surface transport is given by dimensionless
lengths:

Na =
ls
L

=
µ

ν L
;Nu =

L

lθ
=
hL

k
;Sh =

L

lm
=
hmL

D
, (21)

nowadays called the Navier, the Nusselt and the Sherwood numbers, respectively.
The central aim of microflows and nanoflows science is to find the proper mathemat-
ical expressions for these lengths. A number of reviews present a concise and unified
picture of the state-of-the-art developments in the field (Barber and Emerson, 2006;
Beskok and Karniadakis, 1999; Colin, 2005; Zhang et al., 2010). It may be worth re-
calling that in classical macroscopic fluid mechanics the numbers Nu, Sh are inversely
defined as Na.

6. Transition to turbulence

Stanton & Pannell, making measurements of water flow within a capillary pipe, pro-
posed a change of the paradigm in the approach to description of flow characteristics,
’∆p − ṁ’, deciding to presents their own results as a diagram „dimensionless wall
stress – dimensionless mass flow rate”. Dimensionless wall stress, called the Stanton-
Pannell friction factor, was defined as a wall stress divided by the vis viva of a flow:
fSP = τw/(ρU

2). Dimensionless mass flow rate was described as the Reynolds number
to be: Re = 4ṁ/(π dµ) = ρU d/µ. In this ’fSP − Re’ chart the analytical solutions
of one-dimensional Navier Stokes equation can easily be presented:

fSP =
τw
ρU2

=


4µ
aρU = 8

Re − no− slip solution

4µ
aρU(1+4ls/a)

= 8
Re(1+4Na) − slip solution

(22)

In contemporary literature instead of vis viva we use the kinetic energy which is
two times greater, and such obtained dimensionless wall stress is called the Fanning
friction factor: fF = 2fSP.Frequently, according to Darcy, we apply a four times
greater coefficient, called the Darcy friction factor fD = 4fF = 8fSP (de Gennes
et al., 2004), which leads to the celebrated in the literature: fD = 64/Re.
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Fig. 1. Dependence of the Stanton-Pannell velocity profile on a dimensionless mass
flow rate.

But for a unique expression of a critical point on a plane of fD − Re we need
two coordinates. The second critical coordinate has been discovered by Stanton &
Pannell, who have written the following celebrated condition:

Re =
ρUcrd

µ
is constant v 2300 StPa =

ρd3

µ2

dp

dx |cr
is constant v 0.004. (23)

The Stanton-Pannell number depends only on a drop of pressure and it can give
comfortable information about the type of flow in the moment of an experiment de-
sign. This number is connected with another dimensionless factor called the Poiseuille
number Po = fD ·Re:

StPa =
1

2
PoRe =

1

2
fD ·Re2. (24)

As it follows from equation 22 the critical Darcy friction factor is always : fD =
0.32. Enhancement of the Poiseuille number due to slip is Poslip/Pono−slip = 1/(1 +
4Na). This result is consistent with a study by Morini et al. (2009) where for square
channel they have obtained: fD ·Re = 56.9/(1+7.88Kn). Notice that due to the fact
that the phenomenon of the laminas-to-turbulent transition does not occur simulta-
neously in the whole channel, in practice, we are speaking about a ’transition zone’
or of the ’transition regime’ (Celata et al., 2007; Colin, 2005).

Is the fD − Re curve enough for explaining universality of microflow phenomena?
Probably not. For instance, note that a real non-measurable wall stress τw [treated
as surface friction force per unit area] is replaced by an analytical solution to the
measurable fall of pressure dp/dx. Thus, practically, the Darcy friction factor fD, has
the same information as the Stanton-Pannell’s number: StPa. Dependence of the
Stanton-Pannell number StPa on the Navier number Na and the Reynolds number
Re is presented in Fig. 1. This figure is obtained on the basis of Morini and Celata’s
measurements (Morini et al., 2009, 2011; Celata et al., 2007).

7. Summary

To conclude, the special role of the Reynolds number coming from Reynolds’ discov-
ery that for geometrically similar glass tubes there was a critical mass velocity Ucr
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with stream-line or laminar flow at low velocity values, suddenly change in eddying
or turbulent flow at high velocities. The special role of the Stanton-Pannell num-
ber follows from the discovery of the ’critical drop of pressure’. Both Reynolds, and
Stanton and Pannell have discovered (on making a series of observations) that for dif-
ferent geometries in the moment of changing the character of flow from the laminar
[stream-line] to the turbulent [eddying] two numbers still have the value Recr = 2300
and StPacr = 0.004 (Fig. 1). The fact that there are two dimensionless numbers
proper for describing arbitrary flows within a frame of one integral law of ’flow resis-
tance’ nowadays is fundamental and is a base of paradigmatic view on mathematical
modeling.

The influence of external viscosity on the whole flow becomes more visible in micro-
and nano-flows, when the ratio of surfaces to bulk is huge. We reject the concept of
reduced viscosity near the wall, since it is misleading and nonphysical. When external
viscosity becomes smaller, the ratio ls = µ/ν, being the slip-length, becomes greater
and, theoretically, can attain ∞. Also the Navier number [dimensionless slip-length]
can take a value grater than one which means that slip-length is greater than the
diameter of a tube. For smaller tubes the Navier number increases, therefore models
based on this number correctly predict flow enhancement that increases as the tube
diameter decreases.

Coming back to the title question it should be stated that the role the Navier num-
ber Na is expressing different flow enhancement (Badur et al., 2014). One apparent
similarity of the Reynolds and the Navier number Na is that both describe inverse of
dimensionless viscous resistance – the internal and external, respectively. However, in
nanofluids where the slip of velocity between the bulk fluid and nanoparticles should
be taken into account, the local Navier number Na can appear in the definition of
effective viscosity of the nanofluid. So it is obvious that the nanochannels notion of
the Reynolds number is meaningless and should be replaced by the Navier number
Na.
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